In the present paper we demonstrate that there exists a new type of neutron stars in the tensor-multi-scalar theories of gravity. We call this new type of neutron stars topological neutron stars. In addition to the standard characteristics of the usual neutron stars the topological neutron stars are also characterized by a topological charge. We numerical construct explicit examples of topological neutron stars in tensor-multi-scalar theories whose target space is S 3 . Besides the topological charge the topological neutron stars also exhibit other attractive features which can place them among the realistic compact objects that could exist in Nature. For example they possess zero scalar charge and thus evades the strong binary pulsar constraints on the dipole scalar radiation.
INTRODUCTION
In the era of gravitational wave astronomy it is expected that gravitational waves may carry evidence for the existence of yet unknown fundamental fields that mediate the gravitational interaction together with the spacetime metric as well as for the existence of new compact objects related to these fundamental fields [1, 2] . Among the most natural candidates are the scalar fields that arise naturally in the unified theories in physics. Multiple scalar degrees of freedom are predicted for example by the theories involving extra dimensions. Tensor-multi-scalar theories (TMST) of gravity are ones of the most viable alternative gravitational theories -they are mathematically self-consistent and can pass all known experimental and observational tests [3, 4] . In general they admit rather rich spectrum of solutions describing various compact objects [5, 6] .
The main purpose of this paper is to demonstrate that, in the framework of the TMST of gravity, there exists a particularly interesting new type of neutron stars. We call this new type of neutron stars topological neutron stars. In addition to the standard characteristics of the usual neutron stars, the topological neutron stars are also characterized by a topological charge. In order to be specific we consider explicit example of a TMST of gravity whose target space is S 3 and numerically construct static and spherically symmetric topological neutron star solutions.
In TMST heories the gravitational interaction is mediated by the spacetime metric g µν and N scalar fields ϕ a which take value in a coordinate patch of an N-dimensional Riemannian (target) manifold E N with positively definite metric γ ab (ϕ) defined on it [3, 4] . The Einstein frame action of the TMST of gravity is given by
where G * is the bare gravitational constant, ∇ µ and R are the covariant derivative and the Ricci scalar curvature with respect to the Einstein frame metric g µν , and V(ϕ) ≥ 0 is the potential of the scalar fields. In order for the weak equivalence principle to be satisfied the matter fields, denoted collectively by Ψ matt er , are coupled only to the physical Jordan frame metricg µν = A 2 (ϕ)g µν where A 2 (ϕ) is the conformal factor relating the Einstein and the Jordan frame metrics, and which, together with γ ab (ϕ) and V(ϕ), specifies the TMST. The Einstein frame field equations corresponding to the action (1) are the following
with T µν being the Einstein frame energy-momentum tensor of matter and γ a bc (ϕ) being the Christoffel symbols with respect to the target space metric γ ab (ϕ). From the field equations and the contracted Bianchi identities we also find the following conservation law for the Einstein frame energy-momentum tensor
The Einstein frame energy-momentum tensor T µν and the Jordan frame oneT µν are related via the formula T µν = A 2 (ϕ)T µν . As usual, in the present paper the matter content of the stars will be described as a perfect fluid. In the case of a perfect fluid the relations between the energy density, pressure and 4-velocity in both frames are given by ε = A 4 (ϕ)ε, p = A 4 (ϕ)p and u µ = A −1 (ϕ)ũ µ .
BASIC EQUATIONS AND SETTING THE PROBLEM
We are interested in strictly static (in both the Einstein and the Jordan frames), completely regular, spherically symmetric and asymptotically flat solutions to the equations of the TMST describing neutron stars. The spacial slices Σ orthogonal to the timelike Killing vector field ∂ ∂t are diffeomorfic to R 3 and the spacetime metric can be written in the standard form
where Γ and Λ depend on the radial coordinate r only.
In the present paper we shall consider TMST whose target space manifold is the round three-dimensional sphere S 3 with the metric
where a > 0 is the radius of S 3 and χ, Θ and Φ are the standard angular coordinate on S 3 . In addition we shall consider theories for which the coupling function A(ϕ) and the potential V(ϕ) depend on χ only. Our choice of the round S 3 is motivated by the fact that the round S 3 is among the simplest target spaces admitting spherically symmetric topological neutron star solutions.
We assume that the field χ depends on the radial coordinate r, i.e. χ = χ(r), and the fields Θ and Φ are independent from r, i.e. Θ = Θ(θ, φ) and Φ = Φ(θ, φ). Under these assumptions the equations for Θ and Φ decouple from the rest of the equations and can be considered separately. Unfortunately the subsystem for Θ and Φ is still rather complicated to be solved analytically and that is why we need one more simplifying assumption, namely Θ = Θ(θ) and Φ = Φ(φ). In this case the subsystem for Θ and Φ can be solved in closed analytical form and the solution which is well-behaved is given by
where s is integer and C > 0 is a constant. However, only the case when C = 1 and s = 1 (i.e. Θ = θ and Φ = φ) is compatible with the spherical symmetry and that is why we shall restrict ourselves on it. Then the dimensionally reduced equations are the following
2
where the prime denotes differentiation with repsect to r. Asymptotic flatness requires Γ(∞) = Λ(∞) = 0 and χ(∞) = kπ with k being integer (k ∈ Z). Without loss of generality we shall put k = 0. Regularity at the center requires Λ(0) = 0 and χ(0) = nπ where n ∈ Z. The integer n has a topological origin and this can be seen as follows. Since χ(∞) = 0 the map ϕ : Σ → S 3 can naturally be extended to a map ϕ : Σ∪∞ → S 3 . Taking into account that Σ ∪ ∞ = R 3 ∪ ∞ is topologically S 3 we have an effective map ϕ : S 3 → S 3 . The integer n is just the degree of the map ϕ :
where ϕ * Vol S 3 is a 3-form on Σ which is the pull-back of the normalized volume form Vol S 3 on the target space S 3 (i.e. ∫ S 3 Vol S 3 = 1). A direct calculation shows that deg ϕ = n.
The system of equations (7)-(10) supplemented with the equation of state of the baryonic matterp =p(ε), with the above mentioned asymptotic and regularity conditions as well as with a specified central energy densityε, describes the structure of the neutron stars in the TMST under consideration.
TOPOLOGICAL NEUTRON STARS
We shall consider TMST with V( χ) = 0. In this case the asymptotic behavior of the scalar field χ is given by
and can be derived from the linearized equation for χ outside the star. Let us note that this is nonstandard asymptotic behavior -usually the scalar field drops off like 1/r far from the stars in the massless scalar-tensor theories. This means that the scalar charge D χ of the neutron star associated with χ is zero.
All of the neutron star solutions below will be calculated for a realistic nuclear matter equation of state, namely the APR4 EOS [8] and we employ its piecewise polytropic approximation [9] .
Topologically trivial sector n = 0
The topologically trivial sector with n = 0 possesses a very rich spectrum of physically interesting neutron star solutions in dependence of the coupling function A(ϕ) and the curvature of the target space, i.e. the parameter a. Especially interesting is the fact that for certain TMST we can observe spontaneous scalarization. Since the focus of this paper is on the topological neutron stars we shall report our results for the topologically trivial neutron stars in another paper [10] .
Neutron stars with topological charge n = 1 Let us first specify the scalar-tensor theory. As an illustrative example we shall focus on the theory with A( χ) = exp(β sin 2 χ), where β is a (real) parameter. A numerical solution of the reduced field equations (7)-(10) together with the above discussed boundary conditions, is obtained via a shooting method. In this subsection we will concentrate on n = 1, therefore χ(r = 0) = π and the central value of the derivative of the scalar field (dχ/dr) 0 is the shooing parameter.
Finding solutions of the field equations is actually a difficult task because we have three free parameters, namely the radius a of the three-dimensional sphere S 3 , the parameter β in the conformal factor A(ϕ) and the central energy densityε c of the neutron star. Solutions exist only for certain regions of the parameters space and a thorough examination is required. It is important to note, that more than one solution can exist, i.e. in certain regions of the parameter space we have nonuniqueness. For various combinations of β and a, we have performed a two dimensional search of solutions with input parametersε c and the shooting parameter (dχ/dr) 0 which guarantees that we have been able to obtain the full spectrum of solutions.
It turns out that topological neutron stars can be constructed only for small values of a and in our calculations we have fixed a 2 = 10 −3 . For a given a, there is a minimum β below which no topological solutions are present. For small β the branches of solutions are short and do not reach a maximum of the mass while for large β they can reach such a maximum indicating a change of stability of the corresponding branch. Our studies show that in case such a maximum is reached, new additional branches of solutions appear and the spectrum of solutions becomes very rich. This can be observed in Fig. 1 (top panels) where the mass and the shooting parameter (dχ/dr) 0 (bottom panels) are plotted as functions of the central energy density for β = 0.08. The right panels are magnifications of the left ones. As one can see for smallε c two branches of solutions are present but this changes with the increase of the central energy density -once a maximum of the mass is reached new branches of solutions appear and the number of these additional branches can vary greatly for differentε c . We have shown only the branches until roughlyε c = 2.2 × 10 15 g/cm 3 since the structure of solutions becomes more and more rich and complicated for largerε c . On the other hand there are some hints that these new branches might be unstable.
If one compares the two magnified panels in Fig. 1 depicting the mass and (dχ/dr) 0 as functions of the central energy density, it is evident that while some of the additional branches merge together with the decrease ofε c , others just start from someε c which corresponds to a divergences in (dχ/dr) 0 . In the figure some of the branches are named with Branch 1-4 and these notations will be used below where particular representative solutions are discussed. The question which is the more stable branch of solutions can be answered after examining the binging energy M − M 0 as a function of the rest mass M 0 that is plotted in Fig. 2 . The branch that has the larger absolute value of the binding energy before a maximum of the mass is reached is the more massive one Branch 1, depicted with red dashed line. It can not be seen clearly in the figure due to the resolution, but all of the branches that reach a maximum mass form a cusp at this maximum-mass point which signals an onset of instability.
A natural question to ask is whether the new additional branches of solutions are stable or not and the rigorous answer can be given after examining the linear stability analysis that will be studied in a subsequent paper. However, our preliminary studies show that Branch1 is stable against linear perturbations up to the maximum of the mass, while the rest of the branches possess unstable modes. Below we will demonstrate that these additional branches have peculiarities in the behavior of the scalar field that influences the rest of the quantities such as the radial profile of the energy density. In Fig. 3 the radial profiles of the scalar field χ and the central energy densityε are shown for neutron stars with differentε c belonging to the different branches in Fig. 1 . The most important feature one can notice is that the solutions belonging to the energetically favorable Branch 1 have monotonic profiles of χ andε at least for models before the turning point of the mass. The behavior of χ might not be monotonic any more for larger masses beyond the maximum mass and for the rest of the branches. This influences also the density profiles of the corresponding neutron star solutions which can even have extremum ofε(r) in the neutron star core. Some of the solutions belonging to the additional energetically less favorable branches exhibit as well a strong minimum of the energy density before the surface of the star is reached. This is a signal that probably part or all of these additional branches are unstable.
Neutron stars with topological charge n = 2
In this subsection we will consider the case when n = 2 leading to boundary condition for the scalar field χ(r = 0) = 2π. Neutron star solutions with n = 2 are in general present only for larger values of β compared to the n = 1 case. As a representative example we plot the mass and the shooting parameter for β = 0.08 and a 2 = 10 −3 in Fig. 4 . One can observe the same qualitative feature as in the n = 1 casetwo branches of solutions exist for smallε c and new solutions appear with the increase of the central energy density beyond the maximum mass points of the first two branches. The main difference with the n = 1 case is that we have a smaller number of branches for n = 2 for the same values of β and a but this might vary with the change of β and a. The binding energy for all of these branches is plotted in Fig. 5 and again the more stable one is the more massive Branch 1 similar to the n = 1 case. This seems to be a generic feature for all of the studied combinations of parameters.
The radial profile of some representative solutions is given in Fig. 6 where the numbering of the branches is the same as in Fig. 4 . Similar to the n = 1 case, the Branch 1 solutions having central energy densities below the maximum mass point do not show any peculiarities and the energy density and χ are monotonic functions of r. Our preliminary studies show that up to the maximum of the mass Branch1 is linearly stable. This changes for models beyond the maximum mass or for the models belonging to the additional branches where extrema of χ and evenε can be present. The appearance of a deep minimum ofε close to the stellar surface can be observed as well for some of the Branch 2 solutions. All these peculiarities are again a signal that some or all of the branches, except for Branch 1, are unstable.
Further investigation of solutions
In this section we will briefly comment on the further numerical tests we have performed in order to prove the existence of solutions for a wider range of parameters as well as other subclasses of TMST. More specifically, we have examined several cases -introducing a mass of the scalar field, a change of Fig. 1 , for n = 2, a 2 = 10 −3 and β = 0.08. The central energy density of the chosen models start from relatively small values and reaching beyond the maximum of the mass. We use the numbering of the branches introduced in Fig.  4 . The models that show non-monotonic behavior of the scalar field are typically the ones beyond the maximum of the mass or models belonging to the additional branches. For the potentially stable branch with the largest binding energy, such peculiar behavior happens only after a maximum of the mass is reached.
the conformal factor or changing the sign of β.
We have studied a scalar field potential of the form V( χ) = µ χ sin 2 χ/2, where m χ = µ χ /a 2 is the mass of the field. With the increase of m χ the solutions are deformed with respect to the m χ = 0 case but they remain qualitatively similar and after certain m χ crit they disappear, where m χ crit depends on the input parameters. As far as a change of the sign of β is concerned, we were able to show that a plethora of solutions exist for β = −0.1 and a 2 = 10 −3 and for reasonablẽ ε their number is considerably bigger compared to the β > 0 cases examined above.
The second conformal factor we focused on is A( χ) = e β χ 2 /2 where β is a (positive or negative) constant. We have examined different combinations of β and a similar to the A( χ) = exp(β sin 2 χ) case. The spectrum of solutions changes significantly but still several branches of solutions are observed for a proper choice of the parameters. As a matter of fact we were able to find solutions only for values of the parameters that are of the same order as the ones studied in the previous subsection.
All this shows that the spectrum of solutions is very rich depending on the values of the parameters as well as on the conformal factor and the scalar field potential. Obtaining all branches of solutions only for a single combination of the input parameters is a very time consuming procedure and that is why we have given only some representative examples which prove the existence of such solutions and show their basic properties. Thus the problem deserves further study in parallel with the linear stability analysis. CONCLUSION We have shown that in certain classes of TMST of gravity with S 3 target space there exist topological neutron stars -a new type of neutron stars that possess a topological charge in addition to the other standard characteristics. Besides the topological charge, the topological neutron stars possess also other attractive features which make them interesting from astrophysical point of view and place them among the realistic compact objects that could exist in Nature. For example they possess zero scalar charge and thus evades the strong binary pulsar constraints on dipole scalar radiation.
Our preliminary investigations show that there should also exist static non-spherically symmetric but axisymmetric topological neutron stars which can be found by using the ansatz (6) . The present work can be extended by considering more complicated target spaces E N for which the third homotopy group π 3 (E N ) is nontrivial. Then in dependence of the structure of π 3 (E N ) we could have various types of topological neutron stars in the TMST of gravity.
